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1 Introduction and main result
The study of central configurations is a very important subject in celestial mechanics with a long
and varied history [6], and a well-known result is that finding the relative equilibrium solutions
of the classical N -body problem and the planar central configurations is equivalent [5]. The
numbers and shapes of central configurations for the Newtonian N -body (N > 4) problem are
important and difficult problems in celestial mechanics [9]. In [10], Smale took it as one of the
most important 18 mathematical problems (the sixth one) for the 21st century. Though there are
a lot of elegant works on central configurations [1, 2, 3, 4, 8, 12, 16, 19, 20], it is a few works to find
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concrete central configurations since it is a difficult problem. Firstly, we give some preliminaries
on spatial central configuration.
Given 2N mass points mk (k = 1, . . . , 2N) with position qk ∈ R
3. Denote rkj = |qk − qj| as
the Euclidean distance between the mass particles mk and mj and let q = (q1, . . . , q2N ) ∈ R
6N ,
the center of mass of the system is c0 =
1
M
∑2N
k=1mkqk, where M = m1 + . . . +m2N is the total
mass. In the inertial system, the motion equations of 2N bodies can be described by Newton’s
three laws on classical mechanics and Newton’s universal gravitation law:
mkq¨k =
∂U(q)
∂qk
, k = 1, . . . , 2N,
where
U(q) =
∑
16s<j62N
mjms
rjs
.
Moreover, the moment of inertia of q is given by
I(q) =
2N∑
k=1
mk|qk − c0|
2.
For the above Newtonian 2N -body problem with configuration q ∈ R6N , we now give the
following definition.
Definition 1.1. ([13]) Given 2N mass points mk with position qk ∈ R
3, k = 1, . . . , 2N . A
configuration q = (q1, . . . , qN )
T ∈ X \∆ is called a central configuration if there exists a constant
λ ∈ R such that


∑
j 6=k
16j62N
mjmk
|qj−qk|3
(qj − qk) = −λmk(qk − c0), k = 1, . . . , 2N,
λ = U(q)I(q) ,
(1.1)
where
X \ △ = {q = (q1, . . . , q2N )
T ∈ (R3)2N : qk 6= qj when k 6= j},
the Newtonian potential V is given by
V (q) = −U(q) = −
∑
16k<j62N
mjmk
|qj − qk|
.
In this paper, we study the two twisted regular N -polygonal central configurations, and we
use the following notation: suppose two parallel regular polygons, one regular N -polygon and
the other regular N -polygon with distance h > 0 are placed in R3. Assume that the particles
q1, . . . , qN with the same mass m locate at the vertexes of one regular N -polygon; the particles
qN+1, . . . , q2N with the same mass bm locate at the vertexes of the other regular N -polygon. Let
ρk be the k-th root of the N -roots of unity, i.e. ρk = e
iθk , where θk = 2kpi/N(k = 1, . . . , N);
let a > 0 and ρl = aρk · e
iθ (l = k + N), where 0 6 θ 6 2pi and θ is called the twisted angle.
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So the ratio of the masses is b, and the ratio of the sizes of the two polygons is a. Moreover,
let the coordinates of the particles q1, . . . , qN and qN+1, . . . , q2N be qk = (ρk, 0) (k = 1, . . . , N),
ql = (ρl, h) (l = N + 1, . . . , 2N), respectively.
Suppose the configuration is formed by two twisted regular N -polygons (N > 2) with distance
h > 0. Moeckel and Simo obtained that: if N < 473 and the twist angle θ = 0, there is a unique
pair of spatial central configurations of regular N -polygons [7, Thereom 2], and if N > 473 and
the twist angle θ = 0, there exists no spatial central configuration for b < µ0(N) < 1 [7, Thereom
2, and Proposition 3 and Page 986, lines 1-2]. This result is generalized by Zhang and Zhu [18]
to θ = pi/N for the two twisted regular N -polygons (N > 2) with distance h > 0. For every
N > 2, they proved that if b = 1, a = 1 θ = pi/N , and the configuration formed by two twisted
regular N−polygons with distance h > 0 is a central configuration, then there exists only one
h > 0 such that q1, . . . , qN , qN+1, . . . , q2N form a spatial central configuration. For more details
in these direction, one can refer to [11, 14, 15, 17, 19].
Note that in 2003, for the planar twisted central configurations (i.e. h = 0) formed by two
regular N−polygons with any twist angle θ, Zhang and Zhou [19] arrived at the conclusion that
the values of masses in each separate regular N -polygons must be equal (but without detailed
proof); in 2015, based on the eigenvalues of circulant matrices, Wang and Li [11] investigated the
masses of the 2N bodies for h > 0 with twist angle θ = 0, and they also obtained the values of
masses in each separate regular N -polygons must be equal. Moreover, we also note that Yu and
Zhang [16] proved that if the central configuration is formed by two twisted regular N -polygons
with distance h > 0, then the twist angles must be θ = 0 or θ = pi/N , so we want to study that
for the spatial central configuration (h > 0) formed by two twisted regular N -polygons with twist
angle θ = pi/N , whether the sizes of each separate regular N -polygons must be equal or not ?
In this paper, by analysing the relationship between the ratio of the masses of the two regular
N -polygons b and the ratio of the sizes a, we obtain the following main result:
Theorem 1.1 For the spatial twist central configuration formed by two twisted regular N -polygons
(N > 3) with any twist angle θ ∈ R, then the sizes of the two regular N -polygons must be equal.
Remark 1.1 From the above theorem, we know a = 1. On the other hand, by Lemma 2.2, so
b = 1. Therefore, the spatial central configuration formed by two twisted regular N -polygons,
whether the twist angle is θ = 0 or θ = pi/N (N > 3), the masses of the 2N bodies must be equal
to each other.
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Figure 1: Theorem 1.1
2 Some useful lemmas
Set


x =
∑
16k6N−1
1−ρk
|1−ρk|3
,
y =
∑N
k=1
cos(θk+θ)
[1+a2−2a cos(θk+θ)+h2]
3
2
,
z =
∑N
k=1
1
[1+a2−2a cos(θk+θ)+h2]
3
2
,
(2.1)
and before proving the main result, we introduce some lemmas which will serve us well later.
Lemma 2.1 [16, Theorem 1.8] If the central configuration is formed by two twisted regular N -
polygons (N > 2) with distance h > 0, then the twist angle only θ = 0 or θ = pi/N .
Lemma 2.2 [16, Corollary 1.11] For a = 1, if the configuration formed by two twisted regular
N -polygons (N > 2) with distance h > 0 is a central configuration, then b = 1.
Lemma 2.3 [16, Lemma 2.2] For any h > 0 and θ ∈ R, the following equalities
N∑
k=1
1
[1 + a2 − 2a cos(θk − θ) + h2]
3
2
=
N∑
k=1
1
[1 + a2 − 2a cos(θk + θ) + h2]
3
2
(2.2)
and
N∑
k=1
cos(θk − θ)
[1 + a2 − 2a cos(θk − θ) + h2]
3
2
=
N∑
k=1
cos(θk + θ)
[1 + a2 − 2a cos(θk + θ) + h2]
3
2
(2.3)
hold.
4
Lemma 2.4 [16, Corollary 1.10] The spatial configuration formed by two twisted regular N -
polygons (N > 2) with distance h > 0, is a central configuration if and only if the parameters a,
b and h satisfy the following relationships:
bay = x− z (2.4)
and
b
a2
x− baz = y. (2.5)
Lemma 2.5 [18, Theorem 1.2] The configuration formed by two twisted regular N -polygons (N >
2) with distance h > 0 is a central configuration if and only if the parameters a, b, h, θ satisfy
the following relationships:
λ
N
M
=
1
1 + b
(
x+
N∑
k=1
b(1− aeiθρk)[
|1− aeiθρk|2 + h2
] 3
2
)
, (2.6)
and
λ
N
M
=
N∑
k=1
1
[
|1− aeiθρk|2 + h2
] 3
2
, (2.7)
and
λ
N
M
=
e−iθ
a(1 + b)
( ∑
16k6N−1
b(1− ρk)e
iθ
a2|1− ρk|3
+
N∑
k=1
aeiθ − ρk[
|aeiθ − ρk|2 + h2
] 3
2
)
, (2.8)
where M = m1 + . . .+m2N .
3 Proof of Theorem 1.1
From Lemma 2.1, the twist angle must be θ = 0 or θ = pi/N , and in the following, we use θ to
represent the twist angle 0 or pi/N .
By the symmetry of the configuration, in the following steps, we need only consider the ratio
of masses 0 < b 6 1, and we divide the proof into five steps.
Step 1. Let h > 0, we claim that y = y(h) > 0.
In fact, denoting
∑N
i=1 ρk = A, it is easy to see that A = 0.
Observing that
N∑
k=1
eiθk =
N∑
k=1
ρk = A = 0,
therefore
e−iθ
N∑
k=1
ρk =
N∑
k=1
ei(θk−θ) = 0,
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and it means that
N∑
k=1
cos(θk − θ) =
∑
k∈I1
cos(θk − θ) +
∑
k∈I2
cos(θk − θ) = 0, (3.1)
where
I1 = {1 6 k 6 N | cos(θk − θ) > 0},
and
I2 = {1 6 k 6 N | cos(θk − θ) 6 0}.
Since N > 3, I1 6= ∅. For any k1 ∈ I1 and any k2 ∈ I2, since h > 0, then
cos(θk1 − θ) > 0, − cos(θk2 − θ) > 0,
and
1
[1 + a2 − 2a cos(θk1 − θ) + h
2]
3
2
>
1
[1 + a2 − 2a cos(θk2 − θ) + h
2]
3
2
. (3.2)
By (3.1), we have
∑
k∈I1
cos(θk − θ) = −
∑
k∈I2
cos(θk − θ).
With the aid of (3.2), we arrive at
∑
k∈I1
cos(θk − θ)
[1 + a2 − 2a cos(θk − θ) + h2]
3
2
>
[∑
k∈I1
cos(θk − θ)
]
·min
k∈I1
1
[1 + a2 − 2a cos(θk − θ) + h2]
3
2
=
(∑
k∈I2
[− cos(θk − θ)]
)
·min
k∈I1
1
[1 + a2 − 2a cos(θk − θ) + h2]
3
2
>
(∑
k∈I2
[− cos(θk − θ)]
)
·max
k∈I2
1
[1 + a2 − 2a cos(θk − θ) + h2]
3
2
>
∑
k∈I2
− cos(θk − θ)
[1 + a2 − 2a cos(θk − θ) + h2]
3
2
.
Hence
∑
k∈I1
cos(θk − θ)
[1 + a2 − 2a cos(θk − θ) + h2]
3
2
+
∑
k∈I2
cos(θk − θ)
[1 + a2 − 2a cos(θk − θ) + h2]
3
2
=
N∑
k=1
cos(θk − θ)
[1 + a2 − 2a cos(θk − θ) + h2]
3
2
> 0. (3.3)
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Moreover, by (2.3) in Lemma 2.3, then
y =
N∑
k=1
cos(θk + θ)
[1 + a2 − 2a cos(θk + θ) + h2]
3
2
=
N∑
k=1
cos(θk − θ)
[1 + a2 − 2a cos(θk − θ) + h2]
3
2
. (3.4)
In view of (3.3) and (3.4), we conclude that y(h) > 0 for h > 0.
Step 2. We prove that for the spatial twist 2N -body problem, if the ratio of the masses
b = 1, then the ratio of the two sizes is a = 1. We prove this fact by a contradiction argument.
And by the symmetry of the configuration, we assume that 0 < a < 1.
Since b = 1, employing (2.4) and (2.5), by eliminating z, one deduces that
x− ay =
1
a3
x−
1
a
y. (3.5)
By the definitions of y and z in (2.1), we see that z > y. By Step 1, we have y > 0. From
(2.4), and 0 < a < 1, then x− ay > x− z > 0. Moreover, by
|1− ρk|
3 = |1− ρN−k|
3, k = 1, 2, . . . , N − 1,
and
Im(1− ρk) = − sin(
2kpi
N
) = Im(1− ρN−k), k = 1, 2, . . . , N − 1.
Then it enables us to obtain that Im(x) = Im(
∑
16k6N−1
[
(1− ρk)/(|1 − ρk|
3)
]
) = 0. Hence
x = Re(
∑
16k6N−1
[
(1− ρk)/(|1 − ρk|
3)
]
) =
1− cos(2kpiN )
|2− 2 cos 2kpiN |
3
2
=
1− cos(2kpiN )
8| sin kpiN |
3
=
1
4
∑
16k6N−1
csc(
kpi
N
) > 0, k = 1, 2, . . . , N.
Therefore, if 0 < a < 1, then
x− ay <
1
a2
(x− ay) =
1
a2
x−
1
a
y <
1
a3
x−
1
a
y,
which contradicts with (3.5). Hence a = 1.
Step 3. We claim that if 0 < b < 1, then 0 < a < 1.
If this statement is false, then a > 1. In view of Lemma 2.2, if a = 1, then b = 1. Hence,
a > 1. Thanks to (2.4) and (2.5), we deduce that
x− z =
b2
a
x− b2a2z <
b2
a
x−
b2
a
z =
b2
a
(x− z).
By Step 1, we have y = x− z > 0. So b2/a > 1. Thus b2 > a, which contradicts with a > 1 and
0 < b < 1. Hence a > 1 is impossible, which implies that 0 < a < 1.
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Step 4. We claim that if 0 < b < 1, then a > b1/2.
In fact, by Step 3, we have 0 < a < 1. Employing (2.4) and (2.5), by eliminating y, one
computes that
x− z =
b2
a
x− b2a2z. (3.6)
Combining 0 < a < 1 and z > 0, we have
x− z >
b2
a
x−
b2
a
z =
b2
a
(x− z). (3.7)
Since y = x− z > 0, by (3.7), if 0 < b < 1, then a > b2.
By (3.6), one computes that
x
z
=
a− b2a3
a− b2
.
Set x = (a − b2a3)t, z = (a − b2)t. Since a > b2, then t > 0. By (2.4), and the fact y < z, we
obtain
x− z = b2(1− a3)t = aby < abz = ab(a− b2)t.
which implies that
b+ b2a < a2 + ba3.
Thus a > b1/2.
Step 5. We prove that the sizes of the two regular N -polygons also must be equal.
By Step 2 and b 6 1, in the following, it suffices to consider the case of 0 < b < 1. Taking
θ = pi/N in (2.6) and (2.7), then combining (2.1), we have
y =
1
1 + b
(x+ by − abz),
which implies
y = x− abz. (3.8)
From (2.5) and (3.8), we see that b/a2 = 1, which contradicts with a > b1/2 in Step 4. Thus
0 < b < 1 is impossible, which means b = 1. Then by Step 2, we arrive at the conclusion that
a = 1, which implies that the sizes of the two regular N -polygons also must be equal. 
Acknowledgements
Liang Ding is partially supported by research funding project of Guizhou Minzu University
(GZMU[2019]QN04). Jinlong Wei is partially supported by NSF of China (11501577).
8
References
[1] A. Albouy, Y.N. Fu, S.Z. Sun, Symmetry of planar four-body convex central configurations,
Proc. R. Soc. Lond. Ser. A Math. Phys. Eng. Sci. 464 (2008) 1355-1365.
[2] A. Albouy, V. Kaloshin, Finiteness of central configurations of five bodies in the plane, Ann.
Math. 176(1) (2012) 535-588.
[3] A. Fernandes, J. Llibre, L.F. Mello, Convex central configurations of the 4-body problem
with two pairs of equal adjacent masses, Arch. Ration. Mech. Anal. 226(1) (2017) 303-320.
[4] M. Hampton, Stacked central configurations: new examples in the planar five-body problem,
Nonlinearity 18(5) (2005) 2299-2304.
[5] M. Hampton, R. Moeckel, Finiteness of relative equiliria of the four-body problem, Invent.
Math. 163(2) (2006) 289-312.
[6] R. Moeckel, On central configurations, Math. Z. 205(1) (1990) 499-517.
[7] R. Moeckel, C. Simo´, Bifurcation of spatial central configurations from planar ones, SIAM
J. Math. Anal. 26(4)(1995) 978-998.
[8] L.M. Perko, E.L. Walter, Regular polygon solutions of the N-body problem, Proc. Amer.
Math. Soc. 94(2) (1985) 301-309.
[9] D.G. Saari, On the role and properties of n-body central configurations, Celest. Mech. 21(1)
(1980) 9-20.
[10] S. Smale, Mathematical problems for the next century, Math. Intell. 20(2) (1998) 7-15.
[11] Z.Q. Wang, F.Y. Li, A note on the two nested regular polygonal central configurations, Proc.
Amer. Math. Soc. 143(11) (2015) 4817-4822.
[12] Z.Q. Wang, Regular polygon central configurations of the N-body problem with general
homogeneous potential, Nonlinearity 32(7) (2019) 2426-2440.
[13] A. Wintner, The analytical foundations of celestial mechanics, Princeton University Press,
Princeton, 1941.
[14] Z.F. Xie, S.Q. Zhang, A simpler proof of regular polygon solutions of the N -body problem,
Phys. Lett. A 277(3) (2000) 156-158.
[15] Z.F. Xie. Isosceles trapezoid central configurations of the Newtonian four-body problem,
Proc. R. Soc. Edinb. A: Mathematics 142(3) (2012) 665-672.
[16] X. Yu, S.Q. Zhang, Twisted angles for central configurations formed by two twisted regular
polygons, J. Differ. Equations 253(7) (2012) 2106-2122.
[17] X. Yu, S.Q. Zhang, Central configurations formed by two twisted regular polygons, J. Math.
Anal. Appl. 425(1) (2015) 372-380 .
[18] S.Q. Zhang, C.R. Zhu, Central configurations consist of two layer twisted regular polygons,
Sci. China Ser. A 45 (2002) 1428-1438.
9
[19] S.Q. Zhang, Q. Zhou, Periodic solutions for planar 2N -body problems, Proc. Amer. Math.
Soc. 131(7) (2003) 2161-2170.
[20] S.Q. Zhang, Funtional Analysis and Its Applications, China Science Publishing & Media
Ltd, Beijing, 2018.
10
